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Abstract
In 1985, the second author proved a surjective result for m-accretive and φ-expansive mappings
for uniformly smooth Banach spaces. However, in this case, we have been able to remove the uniform
smoothness of the Banach space, without any additional assumption.
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1. Introduction
Let X be a (real) Banach space. An operator A :D(A) ⊆ X → 2X is said to be accretive
if for each u,v ∈ D(A) and λ > 0,
‖u − v‖ ∣∣u − v + λ(A(u) − A(v))∣∣, (1)
where |C| = inf{‖x‖: x ∈ C} with C ⊆ X. If in addition the range of I + λA, denoted
by R(I + λA), is precisely X for λ > 0, then A is said to be m-accretive. The operator
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defined on the entire space X. However, if we just assume that D(A) ⊆ ⋂λ>0R(I + λA),
we shall say that A satisfies the range condition. As a matter of fact, if A is accretive and
D(A) is closed convex, then the Nagumo condition
lim
h→0+
d
(
x − hA(x);D(A))/h = 0
implies the range condition.
It is worthy to observe that an m-accretive operator A, defined on a bounded domain
D(A) and taking values in the power set of X, is always surjective under the assumption
that the Banach space X enjoys the fixed point property for nonexpansive self-mappings
defined on the unit closed ball. Indeed, since A˜ = A − z is also m-accretive we select
r > 0 large enough so that D(A) ⊆ B(0; r) into itself, and hence z ∈R(A). However, the
question whether an m-accretive operator is surjective on an unbounded domain appears
to be of greater interest. Nevertheless, this question has already been answered for certain
family of Banach spaces under an additional condition on the operator A (see [6]). To
address the question under much weaker assumptions, we need the following:
Let φ : [0,∞[ → [0,∞[ be a continuous function such that φ(0) = 0 and φ(r) > 0 for
r > 0. A mapping A :D(A) → 2X is said to be φ-expansive if for every x, y ∈ D(A) and
every u ∈ A(x), and v ∈ A(y),
‖u − v‖ φ(‖x − y‖).
Indeed, we prove that every m-accretive and φ-expansive mapping defined on an arbi-
trary Banach space is surjective. This result is an extension of Theorems 1 and 5 of [6],
where is additionally assumed in the first case that X is a uniformly smooth Banach space
and secondly, that every closed bounded and convex subset of X enjoys the fixed point
property for nonexpansive self-mappings while lim infr→∞ φ(r) > 0. We also discuss var-
ious results concerning the strong convergence of path to the unique zero of the operator A.
Finally, as an application of our main theorem, we obtain a result for the so-called
φ-strongly accretive operators (see, for instance, [7]), which may be defined as follows: if
for each x, y ∈ D(S) there exists j ∈ J (x − y) such that
〈
S(x) − S(y), j 〉 φ(‖x − y‖)‖x − y‖.
The mapping J :X → 2X is the normalized duality mapping, which is defined by
J (x) = {j ∈ X: 〈x, j 〉 = ‖x‖2, ‖j‖ = ‖x‖},
where 〈. , .〉 denotes the generalized duality pairing. Incidentally, if the right-hand side
of the above inequality is zero, S is accretive (see Browder [1] and Kato [2]), and this
characterization of accretiveness is equivalent to the one described by (1).
2. An example
Most of our results are stated for accretive an φ-expansive operators, which happens to
be a wider family of operators than the φ-strongly accretive ones.
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A :R2 → R2 by A(x,y) = (y,−x). Then A is accretive and φ-expansive with φ(r) = r.
However, A is not φ-strongly accretive for any possible function φ as described above.
3. Preliminaries
We begin with a result on the existence of a path for m-accretive operators, which is
implicitly studied in [5]. We also include some extensions of known works, which will be
used in the proof of one of our main results.
Lemma 1. Let X be a Banach space and let A :D(A) ⊂ X → 2X be accretive with the
range condition. Then for each x0 ∈ D(A), there exists a unique path t → xt ∈ D(A),
with t ∈ (−∞,0) satisfying
t (xt − x0) ∈ A(xt ). (2)
Proof. The existence and uniqueness of xt for each t ∈ (−∞,0) is an immediate conse-
quence of the range condition on A. To see the continuity of this function, let t, s < 0.
Since A is accretive, then for every λ > 0, we have
‖xt − xs‖
∣∣xt − xs + λ
(
A(xt ) − A(xs)
)∣∣

∥∥xt − xs + λ
[
t (xt − x0) − s(xs − x0)
]∥∥
and thus, by selecting λ = −1/t, we conclude that
‖xt − xs‖ ‖xs − x0‖ |t − s||t | . 
Lemma 2. Let X be a Banach space and let A :D(A) ⊂ X → 2X be accretive with the
range condition. Suppose U is a bounded neighborhood of x0 ∈ D(A), and one of the
following holds:
(i) t (x − x0) /∈ A(x) for x ∈ ∂U ∩ D(A) and t < 0;
(ii) |A(x0)| < |A(x)| for x ∈ ∂U ∩ D(A);
(iii) ∂U ∩ D(A) = ∅.
Then xt ∈ U for all t < 0, with xt as defined in (2). In addition, 0 ∈R(A).
Proof. We first observe that (ii) implies (i). To see this, suppose there exists x ∈ ∂U ∩
D(A) such that t (x − x0) ∈ A(x) with t < 0. Then
〈
t (x − x0) − u0, j
〉
 0 for some j ∈ J (x − x0) and u0 ∈ A(x0),
which implies that −t‖x − x0‖  ‖u0‖, and thus −t‖x − x0‖  |A(x0)|. Therefore,
|A(x)| |A(x0)|, which is a contraction.
Since A is accretive and satisfies the range condition, Jλx0 ∈ D(A) for all λ > 0, where
limλ→0+ Jλx0 = x0. Now by letting t = −1/λ, we conclude that xt = Jλx0, and thus
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sequently, either under assumption (i) or (iii), Lemma 1 implies the entire path {xt } must
remain in U ∩ D(A). Finally, since t (xt − x0) ∈ A(xt ) and xt ∈ U for all t < 0. Then
t (xt − x0) → 0 as t → 0, and therefore 0 ∈R(A). 
Lemma 3. Let X be a Banach space and let K be a closed bounded and convex subset
of X. Suppose T :K → K is a nonexpansive mapping satisfying
rφ
(∥∥T (x) − T (y)∥∥) ∥∥x − T (x) − (y − T (y))∥∥ (3)
for all x, y ∈ K and some r > 0. Then T has a unique fixed point in K.
Proof. Under the above conditions, it is known that there exists a sequence {xn} in K such
that ‖xn − T (xn)‖ → 0 as n → ∞. Then (3) implies that {T (xn)} is a Cauchy sequence,
and since K is closed T (xn) → y ∈ K, which is a fixed point of T . The uniqueness of y
follows directly from (3). 
Proposition 4. Let X be a Banach space, let A :D(A) ⊆ X → 2X be an accretive mapping
for which co(D(A)) ⊆ ⋂λ>0R(I + λA). Suppose U is a bounded neighborhood of x0 ∈
D(A) such that
∣∣A(x0)
∣∣ <
∣∣A(x)
∣∣ for all x ∈ ∂U ∩ D(A).
Then there exists a (single-valued) nonexpansive self-mapping T defined on a closed
bounded and convex subset of X whose fixed points are zeros of A.
Proof. We first assume that |A(x0)| > 0. Since, by Lemma 2, we know that inf{|A(x)|:
x ∈ D(A)} = 0, we may suppose (possibly by redefining x0) that
∣∣A(x0)
∣∣ < ρ = inf{∣∣A(x)∣∣: x ∈ ∂U ∩ D(A)}.
Select R > 0 so that U ⊂ B(x0;R). Then there exists r > 0 such that
∣∣A(x0)
∣∣+ 2r−1R < ρ.
We now claim that the resolvent Jr maps K := co(D(A)) ∩ B(x0;R) into itself. To this
end, let u ∈ K and let v = Jr(u). Then v ∈ D(A). This means, we just need to show that
v ∈ B(x0;R). To see this, define A˜ by
A˜(x) = A(x) + r−1(x0 − u), x ∈ D(A),
and let J r denote the resolvent of A˜. Consider x ∈ ∂B(x0;R) ∩ D(A), then
∣∣A˜(x0)
∣∣ = ∣∣A(x0) + r−1(x0 − u)
∣∣
∣∣A(x0)
∣∣+ r−1R < ρ − r−1R

∣∣A(x)
∣∣− r−1‖u − x0‖
∣∣A(x) + r−1(x0 − u)
∣∣ = ∣∣A˜(x)∣∣.
Since x0 ∈R(I + λA˜) for all λ ∈ (0, r], we may apply Lemma 2 to derive that v = J r x0 ∈
B(x0;R)∩D(A). Therefore v ∈ K. On the other hand, if |A(x0)| = 0, it is easy to see that
J1 maps K into K, and hence the proof is complete. 
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ping. Suppose U is a bounded neighborhood of x0 ∈ D(A) such that
∣∣A(x0)
∣∣ <
∣∣A(x)
∣∣ for all x ∈ ∂U ∩ D(A).
Then there exists a (single-valued) nonexpansive self-mapping T defined on a closed ball
centered at x0 whose fixed points are zeros of A.
Proof. Since A is m-accretive, then R(I + λA) = X for all λ > 0, and hence the resol-
vent Jr, obtained in the proof of Proposition 4, is defined from the closed ball B(x0;R)
into itself. 
Proposition 6. Let X be an Banach space, let A : D(A) ⊆ X → 2X be m-accretive. Sup-
pose there exists a bounded neighborhood U of x0 ∈ D(A) such that
∂U ∩ D(A) = ∅. (4)
Then 0 ∈R(A) provided that one the following conditions holds:
(i) A is φ-expansive;
(ii) The closed unit ball has the fixed point property for nonexpansive self-mappings.
Proof. We know, by Lemma 2, that the path {xt } with t (xt − x0) ∈ A(xt ) remains in U.
Also, since U is bounded, we may select r > 0 such that U ⊆ B(x0; r). We shall show now
that the resolvent operator J1 maps B(x0; r) into itself. To see this, let y ∈ B(x0; r) and let
x = J1y. Define
A˜(w) = A(w) + x0 − y.
Then x0 ∈ x + A˜(x), which implies that (−1)(x − x0) ∈ A˜(x). Since A˜ is also m-accretive
with domain D(A˜) = D(A), then assumption (4) holds. Hence, by Lemma 2 again, the
corresponding path for A˜ also remains in U. This means x ∈ U. Therefore the nonexpan-
sive mapping J1 maps the closed ball B(x0; r) into itself. Now, suppose (i) holds. Since A
is accretive, A1x ∈ AJ1x and hence
φ
(‖J1x − J1y‖
)
 ‖A1x − A1y‖
∥∥x − J1x − (y − J1y)
∥∥.
This means, J1 satisfies conditions of Lemma 3, and thus J1 has a fixed point in U, which
implies that 0 ∈ A(U ∩ D(A)). However, if (ii) holds, then J1 obviously has a fixed point
and the conclusion follows. 
Corollary 7. If A and X are as in Proposition 6, such that assumption (4) holds, then
A(U ∩ D(A)) = X, and consequently A is surjective.
Proof. Let z ∈ X and let A˜ = A − z, and then A˜ satisfies all the assumptions of Proposi-
tion 6. Hence z ∈R(A). 
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We begin with a new surjectivity result for m-accretive operators, which generalizes an
earlier work of Morales [6] to general Banach spaces.
Theorem 8. Let X be a Banach space. Suppose A :D(A) → 2X is an m-accretive and
φ-expansive mapping on D(A). Then A is surjective.
However, before we prove Theorem 8 below, we discuss two results which appear to be
new and needed in the proof of our main theorem.
Theorem 9. Let X be a Banach space, let A :D(A) ⊆ X → 2X be an accretive and
φ-expansive mapping with co(D(A)) ⊂ ⋂λ>0R(I +λA). Suppose U is a bounded neigh-
borhood of x0 ∈ D(A) such that
∣∣A(x0)
∣∣ <
∣∣A(x)
∣∣ for all x ∈ ∂U ∩ D(A).
Then there exists a unique z ∈ D(A) such that 0 ∈ A(z). In addition,
(i) limλ→∞ Jλx = z for each x ∈ ⋂λ>0R(I + λA);
(ii) limn→∞ Jnλ x = z for each λ > 0 and x ∈
⋂
λ>0R(I + λA).
Proof. Due to Proposition 4, we know that for each R > 0 with U ⊆ B(x0;R) there exists
r > 0 such that Jr maps co(D(A))∩B(x0;R) into itself. Since Jr satisfies the assumptions
of Lemma 3, there exists a unique z ∈ D(A) such that Jr(z) = z. Consequently 0 ∈ A(z).
To see part (i), let x ∈ ⋂λ>0R(I + λA). Then xλ = Jλx ∈ D(A). This means
x ∈ xλ + λA(xλ) for all λ > 0.
Since ‖xλ − z‖  ‖x − z‖, the set {xλ: λ > 0} is bounded, and consequently
λ−1(x − xλ) → 0 as λ → ∞. On the other hand, since A is φ-expansive,
φ
(‖xλ − z‖
)

∥∥λ−1(x − xλ)
∥∥.
Therefore Jλx → z as λ → ∞. To see (ii), let x ∈ ⋂λ>0R(I + λA) and let R > 0 such
that ‖x − z‖ < R. Then for a fixed λ > 0, the mapping Jλ maps co(D(A)) ∩ B(z;R) into
itself. Since Jλ is firmly nonexpansive with a fixed point z, then it is asymptotically regular
(see Corollary 1 of [8]). In addition,
λφ
(∥∥Jn+1λ x − z
∥∥)
∥∥Jnλ x − Jn+1λ x
∥∥ → 0 as n → ∞,
which completes the proof. 
Corollary 10. Let X be a Banach space, let A :D(A) ⊆ X → 2X be m-accretive and
φ-expansive. Suppose U is a bounded neighborhood of x0 ∈ D(A) such that
∣∣A(x0)
∣∣ < r 
∣∣A(x)
∣∣ for all x ∈ ∂U ∩ D(A). (5)Then B(0; r) ⊂R(A).
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B(0; (r − |A(0)|)/2) ⊂ R(A). To see this, let z ∈ B(0; (r − |A(0)|)/2) and let A˜(x) =
A(x) − z. If x ∈ ∂U ∩ D(A),
∣∣A˜(0)
∣∣
∣∣A(0)
∣∣+ ‖z‖ < r − ‖z‖ ∣∣A(x)∣∣− ‖z‖ ∣∣A(x) − z∣∣ = ∣∣A˜(x)∣∣.
Since A˜ satisfies all the assumptions of Theorem 9, A˜ has a unique zero in D(A),
and hence z ∈R(A). The completion of the proof follows the argument given in [3] (see
also [5]). 
Theorem 11. Let X be a Banach space, let A :D(A) ⊆ X → 2X be an m-accretive and
φ-expansive mapping on D(A). Then A(G∩D(A)) is open in X whenever G is open in X.
Moreover, B(y0;φ(r)) ⊂ A(B(x0; r) ∩ D(A)) for x0 ∈ D(A) and y0 ∈ A(x0).
Proof. Let x0 ∈ D(A), y0 ∈ A(x0) and let r > 0 such that B(x0; r) ⊂ G. In view of Corol-
lary 5, we may assume that ∂B(x0; r) ∩ D(A) = ∅. Define
A˜(x) = A(x + x0) − y0 for x ∈ D(A˜) := D(A) − x0.
Select y ∈ A(x + x0) and x ∈ ∂B(0; r) ∩ D(A˜), then
‖y − y0‖ φ
(‖x‖) = φ(r) > ∣∣A˜(0)∣∣ = 0.
Since y is an arbitrary element in A(x + x0), |A˜(0)| < φ(r)  |A˜(x)|. Therefore, by
Corollary 10, B(0;φ(r)) ⊂ A˜(B(0; r) ∩ D(A˜)), which implies
B
(
y0;φ(r)
) ⊂ A(B(x0; r) ∩ D(A)
)
. 
Proof of Theorem 8. Let r > 0 and let x0 ∈ D(A). Select an arbitrary point y0 ∈ A(x0).
Then we may assume, without lost of generality, that ∂B(x0; r) ∩ D(A) = ∅. Otherwise,
A would be surjective due to Corollary 7. Therefore, by Theorem 11, B(y0;φ(r)) ⊂R(A),
which implies that R(A) is open in X. Suppose that R(A) = X. This means there exists
z ∈ ∂R(A), and then we may choose z0 ∈R(A) such that ‖z − z0‖  φ(r)/2. However,
by Theorem 11, once again,
B
(
z0;φ(r)
) ⊂R(A).
This implies that z ∈R(A), which is a contradiction. Therefore A is surjective. 
Remark 12. As we mention earlier, Theorem 8 extends Theorems 1 and 5 of [6] in two
different aspects. On the one hand, we consider now a general Banach space, along with the
assumptions on the function φ, which are significantly much weaker than earlier works. In
fact, by removing the condition lim infr→∞ φ(r) > 0, we are unable to directly prove that
R(A) is closed.
Theorem 13. Let X be a Banach space, let A :D(A) ⊆ X → 2X be an accretive and
φ-expansive mapping on D(A) such that co(D(A)) ⊂ ⋂λ>0R(I + λA). Suppose there
exists x0 ∈ D(A) where one of the following holds:(i) There exists R > 0 such that φ(R) > 2|A(x0)|;
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t (x − x0) /∈ A(x) for x ∈ ∂U ∩ D(A) and t < 0.
Then A has a unique zero z ∈ D(A) where Jλx → z as λ → ∞, for an arbitrary x ∈
co(D(A)).
Proof. Suppose (i) holds and let x ∈ ∂B(x0;R) ∩ D(A). Then
2
∣∣A(x0)
∣∣ < φ
(‖x − x0‖
)

∣∣A(x)
∣∣+ ∣∣A(x0)
∣∣,
and hence |A(x0)| < ρ  |A(x)|, where ρ = φ(R) − |A(x0)|. Then the conclusion follows
from Corollary 10. Now under the assumption (ii), we first replace A(x) by A(x + x0) and
D(A) by D(A) − x0 and therefore we may choose x0 = 0 in (ii). Since 0 ∈ co(D(A)),
then for each n ∈ N, there exists xn ∈ D(A) such that −1n xn ∈ A(xn). Then, by Lemma 2,
xn ∈ U for all n ∈N, which implies that
∣∣A(xn)
∣∣ → 0 as n → ∞.
Then clearly we may choose x0 ∈ D(A) and R > 0 such that φ(R) > 2|A(x0)|. Conse-
quently, the rest of the proof follows from part (i). 
Remark 14. In view of the proof of Lemma 2, conditions (i) and (ii) of Theorem 11 are in-
deed equivalent under the assumption on the operator A. However, if the φ-expansiveness
on A is removed, it is not clear that (i) implies (ii).
5. An application
Theorem 15. Let X be a Banach space. Suppose A :D(A) ⊆ X → 2X is m-accretive and
S :X → X continuous and φ-strongly accretive on D(A). Then
(i) A + µS and S + λA are surjective for µ,λ > 0;
(ii) For each λ > 0, the equation z ∈ Sx + λA(x) has a unique solution xλ where the
function λ → xλ is continuous on R+.
Proof. (i) Since S is continuous and accretive in the entire space X, then the definition
accretiveness holds for every j ∈ J (x − y). Hence A + µS is accretive for each µ > 0,
and consequently, by Theorem 5.3 of [4], it is also m-accretive. Since A + µS is also
φ-expansive, then by Theorem 8, it is surjective. And similarly, S + λA is also surjective.
(ii) Let z ∈ X. Then by (i), for each λ > 0, there exists xλ ∈ D(A) such that
z ∈ Sxλ + λA(xλ),
which is unique due to the φ-expansiveness of the operator S + λA. To see the continuity
of the path, we let z = Sxλ + λuλ and z = Sxµ + µuµ with uλ ∈ A(xλ) and uµ ∈ A(xµ).
Since S + λA is φ-expansive,
φ
(‖xλ − xµ‖
)
 ‖Sxλ + λuµ − Sxµ − λuµ‖ |λ − µ|‖uµ‖.Therefore the function λ → xλ is continuous. 
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